INTRODUCTION
OUR GOAL IS TO CLARIFY THE EXTENT to which equilibria are (or are not) indeterminate in infinite horizon models of capital accumulation with a representative agent and external effects in production. We call indeterminate a situation in which there exists a continuum of distinct equilibrium paths sharing a common initial condition. In the models we study the latter is represented by the initial allocation of the capital stock.
Various models of this kind are currently being used to describe the endogenous nature of growth phenomena. Generally it is assumed that, due either to the lack of appropriate markets or to the intrinsic nature of the production process, the productivity of an individual firm's input(s), x, is affected by the aggregate level of utilization of the same or other input(s), K, so that the production function of the individual firm should be written as f(x, K). In certain instances the external effect is assumed to be strong enough to induce aggregate increasing returns even if individual decision makers still face decreasing payoffs from their own inputs.
form. Moreover we show that under our restrictions poorer countries grow faster and growth rates are inversely correlated with income levels.
The two-sector model we examine has only one capital good, which can be interpreted either as human or physical capital. Models with both physical and hurman capital stocks of the kind suggested in Lucas (1988) and Romer (1990) are therefore not examined. In the absence of external effects Lucas' model has recently been studied by Caballe and Santos (1991) . Also, Chamley (1992) studies an example of the same model with an externality in the accumulation of human capital. As one would expect equilibrium is unique in the world of Caballe and Santos while multiple balanced growth paths exist in the example that Chamley analyzes. Since when the first version of this paper was circulated other authors have been able to derive indeterminacy results in models of growth and externalities due to human or physical capital, most notably Benhabib and Farmer (1993), Benhabib and Perli (1993) , and Xies (1993) , and in dynamic models of monopolistic competition, Gali (1993) .
In any case, even in our simpler world the comforting results of the one-sector framework are turned upside-down. For the two-sector model we present examples of indeterminate equilibria that are derived from very standard utility and production functions. Furthermore, in the case of unbounded growth, the same examples can exhibit indeterminate and perpetually oscillating (i.e. chaotic) asymptotic growth rates for a certain set of parameters. Quite naturally an issue of "realism" can be made with regard to the parameter values at which these more complicated phenomena arise. While they do not appear as far away from reality as those previously encountered in the optimal growth brand of the chaotic dynamics literature, they do rely on particularly strong externalities. For this reason and for the lack of reliable empirical evidence about the external effects consistent with this type of technology, we refrain from speculating on the positive implications of our findings.
As we mentioned before, the issue of indeterminacy had already been tackled for the bounded version of the one-sector growth model, e.g., Kehoe-LevineRomer (1991), Kehoe (1991) , and Spear (1991) . In all three papers a one-sector growth model is studied,. the difference lying in the type of external effect considered. The first specifies the individual production function as f(x, C), where C is the aggregate consumption level and x is the individual stock of capital. They show by means of an example that such an economy has a locally stable steady state around which equilibria are therefore indeterminate. Kehoe (1991) , on the other hand, presents an example in which the production function is f(x, K) but where the externality from K is negative: he shows that a continuum of equilibria converging to a stationary state exists at appropriate parameter values. In the paper by Spear a third type of external effect is introduced: the production function is written as f(x, K'), where K' is tomorrow's aggregate capital stock which is assumed to have a positive effect on today's productivity. In this case the author derives a set of sufficient conditions under which stationary sunspot equilibria exist in a neighborhood of a stationary state. This paper contains two more sections and the conclusions. The next one briefly summarizes the situation in the case of bounded accumulation paths, whereas Section 3 will discuss more extensively the models of perpetual growth.
BOUNDED GROWTH
We use this section to introduce the formal models and to provide a brief review of the bounded case. As we mentioned in the introduction the fact that indeterminacy cannot arise around a stationary state of a one-sector model with positive externalities, seems to be already a kind of "folk theorem." Therefore we avoid dwelling with it for too long, and concentrate instead on a simple example showing how easily indeterminacy arises in the bounded two-sector model. For a more extended discussion of these issues, as well as for the proofs of the statements reported here, the reader should consult the original working paper version of this article (Boldrin-Rustichini (1991)).
The One-Sector Model
The economy is composed of a continuum of identical agents indexed by i E [0,1]. There is only one good which is used both as consumption and capital input. Each consumer i is infinitely lived and owns a firm and an initial stock of capital x4. Given a sequence {k,}Y=o of aggregate capital stocks he chooses the consumption stream {c'}0=o and the capital stocks' sequence {x'}t=o that maximize his total discounted utility.
Each consumer owns a firm, with production function G(x1, k, 1) depending on the private amount of capital stock xi, the aggregate capital stock k = JJlxdi, and labor 1. The latter is inelastically supplied by the consumers and will be normalized to one. Except for the external factor, k, the production function G is standard. Denote with 0 < A < 1 the capital depreciation rate. We define f: 912 -R 91+ as f(xi, k) = G(xi, k, 1) + (1 -pt)x1. For the purposes of this section the aggregate production function F(x) = f(x, x) is also restricted to impede persistent growth. (ii) The partial derivative f1 satisfies: f1(x, x-) < 1 and limx 0 f1(x, x)> 1/> . The reader is invited to consult Kehoe-Levine-Romer (1991) for additional details. Before proceeding with our analysis we need to make precise our notion of indeterminacy. Intuitively we say that an equilibrium is indeterminate when there exists a whole interval of equilibrium paths starting off from its same initial condition. This, indeed, is the only way in which local uniqueness may fail to exist for an economy such as the one we study: once two initial conditions (say xo and x1) are given, the dynamical system (EE) uniquely defines the rest of the equilibrium trajectory. DEFINITION 2.1: Let {xt}t=o denote an equilibrium for an economy with initial condition xo = ko. We say that it is an indeterminate equilibrium if for every E > 0 there exists another sequence {yt}t=0, with 0 < I1y -x1 l < E and yo = x = ko, which is also an equilibrium. We have not yet specified the sign of the external effect. Kehoe (1991) We will show that a contradiction with (*) arises. To do this, notice first that xt+1 <xt implies ct+1 < ct. In fact, if ct+1 > ct and xt+1 <xt <x*, then xt+2 -F The restriction on the behavior of the private return on capital is necessary to deliver the result. One can in fact show that cycles emerge when the positive external effect is strong enough to make the private return on investments fi(x, x) an increasing function of the capital stock. One such example can be found in Boldrin-Rustichini (1991).
The Two-Sector Model
In this subsection we make the assumption that consumption and capital are different commodities produced by different combinations of labor and capital. We will show that this is enough to generate robust examples of indeterminate equilibria.
We retain here the market and demographic structures used before. On the production side there are two sectors; within each sector firms are identical and each consumer owns the same initial amount ko of capital stock and supplies a fixed unitary amount of labor in each period. Capital can be freely shifted from one sector to the other at the beginning of each production period. There is an external effect in production, which may affect either one or both production processes. Such external effect comes from the aggregate stock of capital and can be given any of the many interpretations found in the recent literature.
Let the production function of a typical firm in either sector be denoted as F1(x , It, kt), with i = 1 for consumption and i = 2 for investment. We assume that, given the aggregate stock of capital kt, both F1(, , k)'s satisfy Assumption 2. A careful examination of (2.2) shows that, contrary to the one-sector model, there exists economic conditions under which the three inequalities are simultaneously satisfied. In fact if V12 and V23 have opposite signs, the first condition can be obtained. Of the other two, only one is really binding; notice also that whatever sign a, may have, its magnitude can be made quite small by forcing V1l and V13 to cancel each other. More precisely our economy has to display these three properties:
(i) a steady state value such that the consumption sector has a higher capital-labor ratio than the investment sector (T12 < 0) and a relatively inelastic marginal utility of consumption (V12 = u'T12 + u"T2T1 < 0);
(ii) a positive externality that also reduces the cost (in utils) of producing additional capital stock (V23 = u'T13 + u"T2T3 > 0); (iii) an external effect that increases the marginal value of the current stock of capital together with a moderately concave utility function (V13 = u'T13 + u"T1T3 > 0). -None of these conditions appear economically unreasonable and they are not difficult to formalize. The example we provide next is just the simplest we could come up with. Other, more "realistic" ones, can be derived from more elaborated and better specified two-sector economies. Q.E.D.
UNBOUNDED GROWTH
In this section we show that parallel conclusions hold also in the presence of persistent growth. More precisely we will prove that in the one-sector model, under reasonable hypotheses, equilibria are unique in the following sense: given a "large enough" initial condition xo0 there exists at most one sequence {xI} = satisfying (EE) and (TC). Also, the asymptotic growth rate is unique: all equilibrium sequences must eventually grow at the same speed. Models in which the asymptotic growth rate is not bounded and in which the stock of capital grows infinitely big infinitely fast are not captured by our analysis. For the case of two sectors we show, by means of another example, that indeterminate growth paths cannot be ruled out even under very restrictive conditions.
The One-Sector Model
Assumptions 2.1 and 2.2 are maintained and only positive external effects will be considered. Our argument will proceed along these steps: first we show that (under only the extra assumptions required to guarantee unbounded accumulation) equilibrium orbits are locally unstable, thereby preventing nearby equilibria from merging into each other asymptotically. Then we introduce a set of additional assumptions about the curvature of the utility and production functions. This allows us to prove that when a constant growth rate exists it is uniquely and dynamically unstable, thereby implying the existence of at most one equilibrium path growing asymptotically at a constant rate.
We begin by assuming that the external effect is positive and that unbounded growth at a bounded rate is feasible: One can verify that the last three parts of Assumption 3.1 together with strict concavity of the utility function imply that equilibrium consumption sequences are monotone increasing. This, together with feasibility considerations also implies that the capital stock sequence is monotone increasing along an equilibrium trajectory. Notice also that the third part of Assumption 3.1 effectively bounds the capital growth rate by L and, for x large, it implies F(x) = Lx + g(x) with limX 0 g(x)/x =0.
To build up some intuition on why orbits satisfying (EE) cannot converge to each other, pick one of them {x,}r 0 and compute the linear approximation to (EE) in a neighborhood of such an orbit. The associated Jacobian matrix is time dependent and with some algebra one can check that its two real roots, at any regular point of the trajectory {x,}r0, are given by small perturbations of the following expressions: 
ASSUMPTION

3.4: Given two pairs (c, c') and (c, c') E 2, if u (c)/u (c') > u'(j)/u'(j'), then o(c, c') > (-g, c').
Assumption 3.2 prevents the private rate of return from continuously oscillating between a lower and an upper bound. This condition is necessary for the existence of a constant growth rate equilibrium. Along such equilibrium the stock of capital and the level of consumption must be growing at the same constant rate: this follows from Assumption 3.1 on the asymptotic linearity of the production function. Assumption 3.3 requires the utility function to display a nonincreasing elasticity of substitution in consumption. Uniqueness of the constant growth rate is mostly a consequence of this condition. Assumption 3.4 is a technical regularity restriction, satisfied by most of the commonly adopted utility functions. Its purpose is to guarantee that the asymptotic function O. is well behaved. 90) ) guarantees the convergence is uniform and the limit function OO, is therefore continuous and monotone increasing. It is also concave and therefore Lipschitzian. The existence of, at most, two fixed points and their instability/ stability then follow. With "dynamically stable/unstable" we mean that the slope of OO. measured at A2 is less than one whereas it is larger than one at A1.
Q.E.D.
It is useful and of some interest to compare the properties of the functions Ox and O., with the corresponding functions for the optimal growth problem, defined as the maximization in (P) taken over the sequences {xt, kt}t_o, such that xt = kt for all t. We denote by Ox and 0,, these functions. Assume the optimal growth problem is well defined (i.e. converging either to the highest fixed point of 0. or to infinity, and therefore induce a consumption sequence which would be suboptimal. The equilibrium sequence of growth rates then must converge to A* "from below," i.e. along a trajectory such that each pair (At, At? l) belongs to that portion of the graph of 6x, which is below the diagonal. The latter proves (c).
concave). Then its Euler Equation is going to be similar to (EE
Q.E.D.
The reader should notice that we always assume an equilibrium exists: this is because existence depends on the fact that the chosen parameter values satisfy the transversality condition over and above the recursive equation (EE). We should also add that part (a) of the theorem could be proved directly by showing that all those paths that converge to the "high steady state" of 00 violate the transversality condition: this can be accomplished by comparing their asymptotic behavior to that of paths driven by the "optimal" map 0O,. we mentioned before.
A few examples should facilitate intuition. In the first one Assumption 3.3 is satisfied as an equality for all consumption levels. The convergence to the asymptotic function O, is therefore instantaneous. In the second example, the same condition is satisfied as a strict inequality and the process of convergence is instead asymptotic. Finally the third example is meant to illustrate how a utility function which violates Assumption 3.3 would destroy our result. Here two different cases are still possible:
Case 1: A1 < L; then no equilibrium exists that satisfies our hypotheses, because both growth rates conflict with the transversality condition.
Case 2: A1 <A2; then there is a unique equilibrium growth path if the transversality condition is satisfied. The latter requires 8(a + ab)' -y < 1. In these circumstances it is easy to verify that the asymptotic map (3.3) is unstable at the fixed point A1. By inspection one will observe that the sequence of functions generated by (3.6) converges in the limit to a discontinuous function equal to -cc for A < L and to + Xc for A > L. The growth rate A = L is a fixed point of such a function but it is not an equilibrium for obvious reasons. Therefore there is no asymptotic equilibrium satisfying Theorem 3.1.
The Two-Sector Model
As mentioned in the introduction indeterminacy is also possible for the two-sector model in the presence of endogenous growth. Again we will be satisfied by making our point with a very simple, almost trivial, example.
To better illustrate the equilibrium behavior in the presence of externalities we begin this subsection with a brief analysis of the standard case. Once again there are two goods: a consumption good produced with a Cobb-Douglas technology c = (x1)a(ll)l -a, and an investment good produced with a linear one, i = bx2. The aggregate capital stock x, induces the constraint xt > x1t + x2t, and evolves according to the law of motion xt+1 = (1 -,t)xt + it. We introduce a few innocuous simplifications: the utility function is linear and the exogenous labor supply 1 is set equal to one in every period. The first root, A1 = 0, should be ruled out as a possible equilibrium with constant growth as consumption is forever zero along such an accumulation path. For the second root to be an equilibrium we need to verify that the transversality condition is satisfied. At A2, (TC) requires 8oa < 1. The latter inequality also guarantees that A2 < A1 and that A2 is an unstable fixed point of r.
As we should have expected, in an optimal growth model without any external effect if an equilibrium with persistent growth exists it is also determinate.
We shall now proceed to modify this model by appending an external effect to the production function of the consumption good. Set c = k7(x1)a. Then the PPF faced by a representative consumer-producer becomes As in the previous treatment of the one-sector model we restrict ourselves to the study of sequences with bounded growth rates. In this example it is always true that limsup t + <O. where f3 = (a + --1)/(1 -a). Given an initial condition A0> 0 every uniformly bounded trajectory of the dynamical system T is candidate to be an equilibrium. In order to be one it has to satisfy the appropriate transversality condition. Among the bounded trajectories a special role is played by the fixed points and the closed orbits of T, and our analysis will concentrate on them. Nevertheless, as we will briefly point out later, there are other more complicated orbits of T that also satisfy (3.10) and therefore are equilibria. Some of them can be chaotic. Along a balanced growth path with constant growth rate equal to A the transversality condition reads as To prove our claim we only need to show that there exists a fixed point of r that satisfies (3.11) and is asymptotically stable for the dynamics At+1 = r(Ad. This is spelled out in our last theorem. Generally, though, indeterminacy can also arise in the following more complicated fashion: there exists a subset A c [0, 0], which is an attractor for At+ 1 = i-(At) and which contains a more than countable number of points. As the analysis of this case would lead us astray, we prefer to bypass it here. We refer the reader to Boldrin and Persico (1993) for a more detailed study. (1 -a -7) is the only constant growth rate that satisfies the transversality condition. It is also asymptotically stable under iterations of (3.10).
PROOF: Derivation of (3.10) from (EE) is a simple matter of algebra. Similarly it is straightforward to verify that when a + -q = 1 the function r has only one fixed point equal to 0. When a + 77 0 1, r has the two fixed points A1 = 0, A2 = (60)l/(l-a-71). The transversality condition reduces to 8Ai +77 < 1. The case a + '7 < 1 is similar to the model without externality. It is easy to see that the root A2 is the unique equilibrium and that it is unstable.
The case a + 'q > 1 requires a few extra computations. Here f3 > 0, so that r(0) = 0 > 1, r() = 0, and r'(A) = (50)'/(l-a)AP (l -1(0 -A) ). This implies, in particular that r'(A1) > 0 whereas r'(A2) may be of either sign. The condition 80a+71 > 1 guarantees at once that A1 > A2, and that A2 satisfies the transversalW ity condition. To check that A2 is stable one has only to notice that T has a minimum at A* = 0 -1/13 and that our last condition is equivalent to Ae < A2.
Q.E.D.
The form of indeterminacy described in our theorem is the familiar one in which for a given initial condition xo there exists an open interval of values of x1 that are all consistent with equilibrium. These distinct trajectories grow asymptotically at a common rate A2 but need to converge to each other, i.e. they typically grow "parallel" forever. It is difficult to say if the parameter values at which this phenomenon occurs may be considered "realistic" or otherwise, mainly because the model we are using is rather simplified. To get an idea of the range of values involved we provide a rough parameterization of our model. Choose a depreciation rate of about 10% and a capital/output ratio around 3.4 in the investment sector to obtain a value of 0 equal to 1.2. With a relatively low discount factor, say 8 = .80, one needs a = .5, q = 1 to bring A2 around the "credible" value of 1.08. Then, as can be easily verified, the stability condition is also satisfied and equilibria are indeed indeterminate. Everything clearly relies on the magnitude of the externalities, a matter about which very little empirical evidence is available.
The indeterminate and chaotic equilibria we mentioned above arise at about the same parameter values when A2 < -1/13. r(A) is then a nonmonotone mapping of the interval [0, 01 into itself for which both stationary states A1 and A2 are dynamically unstable.
One final comment on the interpretation to be given to the last theorem and to the case of "chaotic indeterminacy" we just outlined: According to this model two countries that start from the same initial stock and follow different equilibria from then on will display a common average growth rate only in the long run. Their capital stocks may therefore be persistently different (because differen-t values of x1 were chosen) and we may well observe their relative economic conditions becoming increasingly different. In other words models of the type discussed here may not only account for the fact that certain countries never catch-up with the leader, but also for the more disturbing phenomenon that countries which started out from almost similar conditions a century ago, have been growing very differently since then. In particular one can think of examples in which a small difference in the choice of x1 (given a common xo) will induce two diverging sequences of capital stocks, growing at a common rate only in the distant future.
CONCLUSIONS
We have studied the determinacy of competitive equilibrium in infinite horizon models of capital accumulation with productive externalities.
In the standard one-sector model we have proved that equilibria converging to a steady state are always locally unique and that unbounded equilibria converging to a stationary growth rate are also locally unique under reasonably mild conditions.
We have also addressed the problem of indeterminacy within the context of a two-sector growth model again in the presence of an aggregate externality. In this case indeterminacy of equilibrium seems to be always possible and indeed appears quite easily even in the simplest models. For very standard functional forms of the utility and production functions and for parameter values that appear altogether not unreasonable there exists a continuum of distinct equilibria departing from a common initial stock of capital and either converging to the same steady state or growing asymptotically at a common rate.
The practical implications of these results cannot be fully evaluated given the simplified models adopted here. Further research along these lines should clarify if the phenomenon we have pointed out is robust with regards to a number of empirically relevant perturbations of the stylized models we have studied. From the point of view of the theory of economic development an important extension is to models with more than one stock of capital (physical and human) and to models of technological change and/or industrialization. From the point of view of business cycle theory one would be curious as to what implications an endogenous labor supply and more realistic production functions would have on the model's predictions about the interplay between endogenous growth and endogenous oscillations. From a general perspective it seems that the study of multisector growth models with external effects is a promising avenue for the long overdue reconciliation between the theory of economic growth and the theory of the business cycle. 
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